Observation of nonlinear variations in three-vertex geometric phase in
  two-photon polarization qutrit by Ogawa, Kazuhisa et al.
ar
X
iv
:1
50
4.
01
83
8v
1 
 [q
ua
nt-
ph
]  
8 A
pr
 20
15
Observation of nonlinear variations in three-vertex geometric phase
in two-photon polarization qutrit
Kazuhisa Ogawa,1, ∗ Shuhei Tamate,2 Hirokazu Kobayashi,3 Toshihiro Nakanishi,1 and Masao Kitano1
1Department of Electronic Science and Engineering, Kyoto University, Kyoto 615-8510, Japan
2National Institute of Informatics, Hitotsubashi, Chiyoda-ku, Tokyo 101-8430, Japan
3Department of Electronic and Photonic System Engineering,
Kochi University of Technology, Tosayamada-cho, Kochi 782-8502, Japan
(Dated: March 27, 2018)
We experimentally observed nonlinear variations in the three-vertex geometric phase in a two-
photon polarization qutrit. The three-vertex geometric phase is defined by three quantum states,
which generally forms a three-state (qutrit) system. By changing one of the three constituent states,
we observed two rapid increases in the three-vertex geometric phase. The observed variations are
inherent in a three-state system and cannot be observed in a two-state system. We used a time-
reversed two-photon interferometer to measure the geometric phase with much more intense signals
than those of a typical two-photon interferometer.
PACS numbers: 03.65.Vf, 03.65.Ta, 42.65.-k
I. INTRODUCTION
The geometric phase is a fundamental concept in many
areas of physics. It was discovered by Berry [1] as an
additional phase factor that emerges in adiabatic and
cyclic evolution of a quantum state. The definition of the
geometric phase was extended to the non-adiabatic [2]
and non-cyclic [3] cases and was finally generalized on
the basis of kinematic ideas by Mukunda and Simon [4].
In their formulation, the geometric phase is defined by a
trajectory on the quantum state space and is represented
as a sum of the following three-vertex geometric phases :
γ(ψ1, ψ2, ψ3) := arg〈ψ1|ψ3〉〈ψ3|ψ2〉〈ψ2|ψ1〉, (1)
which is defined by three quantum states [5]. Therefore,
the three-vertex geometric phase is regarded as a funda-
mental building block of an arbitrary geometric phase.
The three-vertex geometric phase is ubiquitous in var-
ious physical systems involving three different states. In
optical systems, the three-vertex geometric phase ap-
pears in an additional phase factor after three polar-
ization projections [5] or three reflections [6], and in
the interference patterns of three differently polarized
beams [7]. In the problem distinguishing three quantum
states, the three-vertex geometric phase is an important
factor characterizing their distinguishability [8–10]. In
addition, the quantum eraser [11] and weak-value am-
plification [12] are related to the three-vertex geometric
phase defined by the initial, intermediate, and final states
in the systems [13, 14].
The three-vertex geometric phase has been widely
studied in a two-state (qubit) system. In a two-state sys-
tem, the three-vertex geometric phase is geometrically
represented as the area of a spherical triangle formed
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by the three constituent states on the Bloch (Poincare´)
sphere [5]. Various nonlinear behaviors of the three-
vertex geometric phase in a two-state system have been
investigated using the Bloch sphere representation and
observed in several optical experiments [13, 15–18].
However, the three arbitrary states that define a
three-vertex geometric phase generally span a three-
dimensional Hilbert space; therefore, we need to treat
a three-state (qutrit) system to investigate the general
properties of the three-vertex geometric phase. In our
previous study [19], we constructed a geometric repre-
sentation of the three-vertex geometric phase in a three-
state system on the Bloch sphere. Using the Bloch sphere
representation, we predicted some nonlinear variations in
the three-vertex geometric phase inherent in a three-state
system.
In this paper, we experimentally observe the nonlinear
variations in the three-vertex geometric phase inherent in
a three-state system with an optical interferometer. We
employ the polarizations of two photons in the same spa-
tiotemporal mode (a two-photon polarization qutrit) as a
three-state system [20–23]. In our setup, the three-vertex
geometric phase exhibits two rapid increases with respect
to a change in one of the three constituent states. We
use a time-reversed two-photon interferometer [24] for the
measurement. Unlike the typical method of measuring
the geometric phase in two-photon polarization [25–27],
our setup can obtain vastly more intense signals and can
be implemented using classical light.
This paper is organized as follows. In Sec. II, we briefly
review the theory of the three-vertex geometric phase in
a three-state system investigated in Ref. [19]. In Sec. III,
we describe the experimental observation of the nonlin-
ear variations in the three-vertex geometric phase. We
also discuss the advantages of using a time-reversed two-
photon interferometer for the experiments. Finally, we
summarize the findings of our study in Sec. IV.
2FIG. 1: (Color online) (a) Bloch sphere representation of the
symmetrized two-qubit state |Ψ〉. (b) Bloch sphere represen-
tation of the three-vertex geometric phase of the standard
triplet γ(Ψ1, Ψ2, Ψ3), which is proportional to the sum of the
area of the two spherical triangles.
II. THEORY
We describe the Bloch sphere representation of the
three-vertex geometric phase in a three-state system [19].
We also derive the nonlinear variations in the three-
vertex geometric phase inherent in a three-state system,
which are experimentally observed in Sec. III.
A three-state system can be identified in terms of a
symmetrized two-qubit system. The symmetrized two-
qubit state |Ψ〉 is described as
|Ψ〉 = k(|ψ〉|ψ′〉+ |ψ′〉|ψ〉), (2)
where |ψ〉 and |ψ′〉 are qubit states, and k is a normaliza-
tion factor (in what follows, we omit k for simplicity). |Ψ〉
can be uniquely depicted as the two points corresponding
to |ψ〉 and |ψ′〉 on the Bloch sphere (Majorana’s stellar
representation [28–31]), as shown in Fig. 1(a).
To visualize the three-vertex geometric phase on the
Bloch sphere, we consider the following standard triplet :
|Ψ1〉 = |ψ1〉|ψ1〉, |Ψ2〉 = |ψ2〉|ψ2〉,
|Ψ3〉 = |ψ3〉|ψ
′
3〉+ |ψ
′
3〉|ψ3〉,
(3)
where |Ψ1〉 and |Ψ2〉 are product states, and |Ψ3〉 is an ar-
bitrary symmetrized two-qubit state. Although the stan-
dard triplet is a special set of three states, any set of three
states can be mapped onto a standard triplet by applying
the proper unitary transformation [19]. The three-vertex
geometric phase of the standard triplet is expressed as
the sum of two three-vertex geometric phases in two-state
systems:
γ(Ψ1, Ψ2, Ψ3) = γ(ψ1, ψ2, ψ3) + γ(ψ1, ψ2, ψ
′
3). (4)
Because a three-vertex geometric phase in a two-state
system is equal to −1/2 times the area of a spherical
triangle on the Bloch sphere [5], the three-vertex geo-
metric phase of the standard triplet can be depicted as
the area of two spherical triangles on the Bloch sphere, as
shown in Fig. 1(b). In this manner, we can represent an
arbitrary three-vertex geometric phase in a three-state
system on the Bloch sphere.
FIG. 2: (Color online) (a) Bloch sphere representation of the
states given by Eqs. (7)–(10) when φ = 0◦. θ is the half-
angle between the states |ψ1〉 and |ψ2〉, and χ is the angle
between the states |ψ3(φ)〉 and |ψ
′
3(φ)〉. (b) Bloch sphere
representation of the geometric phase γ[Ψ1, Ψ2, Ψ3(φ)] when
the two red circles |ψ3(φ)〉 and |ψ
′
3(φ)〉 are rotated along the
equator. When the red circles pass through the reverse side of
the Bloch sphere, the area of the spherical triangles increases
rapidly. In addition, as the angle between the yellow triangles
and the blue squares decreases, the area of the two spherical
triangles increases more rapidly. (c), (d) The variations in
γ[Ψ1, Ψ2, Ψ3(φ)] with respect to φ, for several values of θ when
χ = 120◦ (c) and for several values of χ when θ = 10◦ (d).
We next derive the nonlinear variations in the three-
vertex geometric phase inherent in a three-state system
from the Bloch sphere representation. We employ a two-
photon polarization qutrit as a three-state system. |H〉
and |V〉 denote the horizontal and vertical polarization
states, respectively.
We now consider the following standard triplet of two-
photon polarization qutrits:
|Ψ1〉 = |ψ1〉|ψ1〉, |Ψ2〉 = |ψ2〉|ψ2〉, (5)
|Ψ3(φ)〉 = |ψ3(φ)〉|ψ
′
3(φ)〉 + |ψ
′
3(φ)〉|ψ3(φ)〉, (6)
where
|ψ1〉 := cos(θ/2)|H〉+ i sin(θ/2)|V〉, (7)
|ψ2〉 := cos(θ/2)|H〉 − i sin(θ/2)|V〉, (8)
|ψ3(φ)〉 := cos
(
χ
4
+
φ
2
)
|H〉+ sin
(
χ
4
+
φ
2
)
|V〉, (9)
|ψ′3(φ)〉 := cos
(
χ
4
−
φ
2
)
|H〉 − sin
(
χ
4
−
φ
2
)
|V〉. (10)
This standard triplet is depicted in Fig. 2(a). The pa-
rameters θ and χ are fixed at certain values. We change
φ to rotate the two red circles |ψ3(φ)〉 and |ψ
′
3(φ)〉 along
the equator on the Bloch sphere, as shown in Fig. 2(b).
3The three-vertex geometric phase γ [Ψ1, Ψ2, Ψ3(φ)] is cal-
culated as
γ [Ψ1, Ψ2, Ψ3(φ)] = γ [ψ1, ψ2, ψ3(φ)] + γ [ψ1, ψ2, ψ
′
3(φ)] ,
(11)
γ [ψ1, ψ2, ψ3(φ)] = −2 tan
−1
[
tan
θ
2
· tan
(
χ
4
+
φ
2
)]
,
(12)
γ [ψ1, ψ2, ψ
′
3(φ)] = 2 tan
−1
[
tan
θ
2
· tan
(
χ
4
−
φ
2
)]
.
(13)
The variations in γ[Ψ1, Ψ2, Ψ3(φ)] with respect to φ
for several values of θ and χ are shown in Fig. 2(c)
and (d). These figures indicate that the variations in
γ[Ψ1, Ψ2, Ψ3(φ)] exhibit two rapid increases by 2pi at the
angles φ = 180◦ ± χ/2, and as the angle θ decreases,
the geometric phase increases more rapidly. These rapid
variations in γ[Ψ1, Ψ2, Ψ3(φ)] are interpreted as nonlinear
variations in the area of the two spherical triangles on
the Bloch sphere.
III. EXPERIMENTS
We next describe our experimental observation of the
nonlinear variations in the three-vertex geometric phase
in a three-state system derived in Sec. II. In Sec. III A,
we describe our experimental setup for measuring the
geometric phase using an optical interferometer. In
Sec. III B, we show the measured nonlinear variations
in the geometric phase. In Sec. III C, we discuss the
advantages of our experimental setup for measuring the
geometric phase in two-photon polarization.
A. Experimental setup
In the experiment, we measure the three-vertex geo-
metric phase using a quantum eraser [13, 25]. Let us
consider the interferometer of a photon pair shown in
Fig. 3(a). The input photon pair with the initial two-
photon polarization qutrit state |Ψ0〉 is first split into
two arms by a beam splitter. The two-photon polariza-
tion qutrit states of the upper and lower mode are trans-
formed into |Ψ1〉 and |Ψ2〉, respectively, by unitary opera-
tions. Subsequently, both of the two-photon polarization
qutrit states are projected onto |Ψ3〉, and the two path
modes are combined by another beam splitter. By chang-
ing the relative phase δ between the two path modes, we
can observe interference fringes. When the final state
|Ψ3〉 varies, the variation in the three-vertex geometric
phase γ(Ψ1, Ψ2, Ψ3) can be measured from a phase shift
of the interference fringes, as shown in Fig. 3(b).
The actual experimental setup is shown in Fig. 3(c),
which implements the measurement method using a
quantum eraser.
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FIG. 3: (Color online) (a) Schematic illustration of setup
for measuring the three-vertex geometric phase in a quan-
tum eraser. (b) Projection probability P (δ) for different fi-
nal internal states |Ψ3〉 and |Ψ
′
3〉. From the phase shift of
the interference fringes, we can measure the variation in the
three-vertex geometric phase γ(Ψ1, Ψ2, Ψ
′
3)−γ(Ψ1, Ψ2, Ψ3). (c)
Experimental setup for measuring the three-vertex geometric
phase in two-photon polarization qutrit. QWP, quarter-wave
plate; HWP, half-wave plate; BS, (non-polarizing) beam split-
ter; PBS, polarizing beam splitter; BBO, β-barium borate
crystal. The values in the parentheses next to the QWPs and
HWPs denote the angles of their fast axes from the horizontal
axis. The parameter θ is adjusted by changing the angles of
the QWPs. The parameters χ and φ are adjusted by changing
the angles of the HWPs.
We used a femtosecond fiber laser (center wavelength
782nm, pulse duration 74.5 fs, average power 54mW,
repetition rate 100MHz) to create transform-limited
pulsed light with horizontal polarization. The input pulse
enters the preparation section, which forms an unbal-
anced Michelson interferometer including three quarter-
wave plates (QWPs). The optical path difference x be-
tween the two arms of the interferometer can be changed
by a piezoelectric actuator and is adjusted to about
100µm. The two output pulses of the interferometer
are substantially separated in time and do not interfere
with each other. After passing through the third QWP,
the two-photon polarization qutrit states of the later and
earlier pulses are transformed into |Ψ1〉 = |ψ1〉|ψ1〉 and
|Ψ2〉 = |ψ2〉|ψ2〉 in Eq. (5), respectively.
The pulses next pass through the projection section,
4FIG. 4: (Color online) Variations in the three-vertex geo-
metric phase for χ = 0◦ [(a), (b)] and χ = 180◦ [(c), (d)].
(a), (c) Bloch sphere representation of the three-vertex geo-
metric phase. (b), (d) Measured variations in the geometric
phase with respect to φ. As the Bloch sphere representa-
tion predicts, the geometric phase increases rapidly by 4pi at
φ = 180◦ in (b) and by 2pi at φ = 90◦ and 270◦ in (d). We
can see that as the angle θ decreases, the geometric phase
increases more rapidly.
which consists of three half-wave plates (HWPs), polar-
izing and non-polarizing beam splitters (PBS and BS),
and a 1-mm-long β-barium borate (BBO) crystal for
collinear type-II sum-frequency generation (SFG). The
HWPs, PBS, and BS convert the polarizations |ψ3(φ)〉
and |ψ′3(φ)〉 in Eqs. (9) and (10) into |H〉 and |V〉, respec-
tively. Subsequently, the BBO crystal converts only two
photons with the two-photon polarization qutrit state
|H〉|V〉+ |V〉|H〉 into a sum-frequency photon. Therefore,
the entire section projects the two-photon polarization
qutrit state onto |Ψ3(φ)〉 in Eq. (6).
The two sum-frequency pulses are filtered to pass a
0.23-nm bandwidth centered around 391 nm by a 1,200-
lines/mm aluminum-coated diffraction grating followed
by a slit. After the bandpass filter, the coherence lengths
of the pulses are broadened, and the pulses interfere with
each other. The optical power is measured by a Si pho-
todiode (New Focus, Model 2151).
We measured the interference fringes as a function of
the optical path difference x for various values of θ, χ,
and φ, and derived the variations in the three-vertex ge-
ometric phase from the shifts of the fringes.
B. Results
We first measured the variations in the three-vertex
geometric phase with respect to φ for several values of θ
when χ = 0◦ [Figs. 4(a), (b)] and χ = 180◦ [Figs. 4(c),
(d)]. From the Bloch sphere representation [Figs. 4(a),
(c)], we can predict that the geometric phase increases
rapidly by 4pi at φ = 180◦ when χ = 0◦ and by 2pi at
φ = 90◦ and 270◦ when χ = 180◦. Figures 4(b) and (d)
show the measurement results, where the dots and lines
denote the measurement data and the theoretical lines,
respectively. Because the measured geometric phase is a
relative value with respect to a certain offset value, we
determined the offset value by fitting the measurement
data to the theoretical lines for every setting of the pa-
rameters θ and χ. The measurement results agree well
with the theoretical prediction. As the angle θ decreases,
the geometric phase increases more rapidly.
We also measured the variations in the three-vertex
geometric phase with respect to φ for several values of
χ when θ = 10◦. From the Bloch sphere representation
(the upper panels in Fig. 5), we can predict that the two
values of φ at which the geometric phase increases rapidly
depend on χ: φ = 180◦ ± χ/2. The graphs in the lower
panels in Fig. 5 show the measurement results, where
the dots and lines denote the measurement data and the
theoretical lines, respectively, and we determined the off-
set value of the measurement data in the same manner
as described above. We can see that the measurement
results agree well with the theoretical prediction by our
Bloch sphere representation, and the locations of the two
jumping points depend on χ.
C. Discussion
Here we discuss the advantages of our experimental
setup for measuring the geometric phase in two-photon
polarization.
Such measurements have typically been made using a
two-photon interferometer [25–27]. In the two-photon in-
terferometer, we need to generate photon pairs by spon-
taneous parametric down-conversion (SPDC) and to de-
tect them by coincidence counting. Because of the low ef-
ficiency of generation and detection of entangled photon
pairs, the two-photon interferometer often suffers from
weak output signals, which makes our estimation of the
geometric phase uncertain.
In contrast, we employ a time-reversed two-photon in-
terferometer [24] for measuring the geometric phase. The
time-reversed two-photon interferometer up-converts two
photons into a sum-frequency photon by SFG instead of
generating photon pairs by SPDC. Because the output
power of SFG is proportional to the square of the input
power, we can observe vastly more intense interference
signals. Moreover, coincidence counting of photon pairs
is not needed in the time-reversed two-photon interfer-
ometer; therefore, we can measure the geometric phase
in two-photon polarization using a simpler setup.
In our experiment, the output signal power is mini-
mized when θ = 10◦, χ = 0◦, and φ = 180◦. Even in
this condition, the measured average power of the in-
5FIG. 5: (Color online) Variations in the three-vertex geometric phase with respect to φ for several values of χ when θ = 10◦.
The upper panels are the Bloch sphere representations of |ψ3(φ)〉 and |ψ
′
3(φ)〉. The graphs in the lower panels show the
measurement results corresponding to each Bloch sphere. As the Bloch sphere representation predicts, the locations of the two
jumping points of the geometric phase depend on χ.
terference fringes is 1.1 pW, which corresponds to 2.1 ×
106 photons/s. This output power is three orders of mag-
nitude greater than that in previous experiments [25–27].
IV. CONCLUSION
We presented optical experiments for measuring the
three-vertex geometric phase in a two-photon polariza-
tion qutrit. We experimentally demonstrated the nonlin-
ear variations in the three-vertex geometric phase, which
is inherent in a three-state system such as a two-photon
polarization qutrit. The nonlinear variations are pre-
dicted by the Bloch sphere representation, and all the
measurement results agree well with the theoretical pre-
diction. We also noted that our measurement method
for the geometric phase using a time-reversed two-photon
interferometer enables us to obtain vastly more intense
output signals. This measurement method can be used
for high-intensity measurement of other properties of the
geometric phase. We expect that this study will mo-
tivate the investigation of the geometric phase in high-
dimensional systems and will enable new quantum opti-
cal technology using the geometric phase.
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